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This supplemental material contains two independent parts. Sec-

tion 1 derives the probabilistic bounds on 1D Gaussian processes

used by our adaptive ray-marching algorithm in the main paper.

Section 2 describes a mathematical tool for removing a conditioning

point from our online GP sampler, which may be useful for future

work on optimizing the conditioning set.

1 Deriving probabilistic bounds of GP
In this section, we first introduce the reader to preliminaries in

Section 1.1 and intermediate bounds in Section 1.2. Then we derive

the two probabilistic bounds used by the adaptive ray-marching

rule in the main paper: a long-range bound centered at the mean in

Section 1.3, and a local bound centered at the currently observed

value in Section 1.4. Finally we combine these two bounds and

summarize the quantities used in the main paper in Section 1.5.

This analysis uses a Dudley-style chaining argument [Dudley

1967], yielding a tighter bound for 1D domains than the standard

Dudley entropy integral which is for generic index sets. We note

that it suffices to discuss the supremum of a function, since inf 𝑓 =

− sup(−𝑓 ).

1.1 Preliminaries
Theorem 1.1 (Borell–TIS ineqality). [Borell 1975; Tsirelson

et al. 1976] Let {𝑋𝜃 }𝜃 ∈𝑇 be a zero-mean Gaussian process with 𝑋 ∗
:=

E sup𝜃 ∈𝑇 𝑋𝜃 < ∞ and 𝜎2

𝑇
:= sup𝜃 ∈𝑇 Var[𝑋𝜃 ] < ∞. Then for all

𝑢 > 0,

P
(
sup

𝜃 ∈𝑇
𝑋𝜃 > 𝑋 ∗ + 𝑢

)
≤ exp

(
− 𝑢2

2𝜎2

𝑇

)
.

Lemma 1.2 (Expected max of Gaussians). Let (𝑍1, . . . , 𝑍𝑚) be a
zero-mean (possibly correlated) Gaussian vector with max𝑖 Var[𝑍𝑖 ] ≤
𝜎2. Then

E max

1≤𝑖≤𝑚
𝑍𝑖 ≤ 𝜎

√︁
2 log𝑚.

Proof. For any 𝜆 > 0,

Emax

𝑖
𝑍𝑖 =

1

𝜆
E log exp(𝜆max

𝑖
𝑍𝑖 )

≤ 1

𝜆
logE exp(𝜆max

𝑖
𝑍𝑖 ) ≤

1

𝜆
log

𝑚∑︁
𝑖=1

E𝑒𝜆𝑍𝑖 .

Since 𝑍𝑖 ∼ N(0,Var𝑍𝑖 ), E𝑒𝜆𝑍𝑖 ≤ exp(𝜆2𝜎2/2). Thus Emax𝑖 𝑍𝑖 ≤
log𝑚

𝜆
+ 𝜆𝜎2

2
. Choose 𝜆 =

√︁
2 log𝑚/𝜎 . □
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Fig. 1. Multi-resolution grid. At level 𝑛, the interval [𝑎,𝑏 ] is divided into 2𝑛

cells; 𝜋𝑛 is the set of cell midpoints (black dots). Given any 𝑥 ∈ [𝑎,𝑏 ],
𝜋𝑛 (𝑥 ) ∈ 𝜋𝑛 (red) is the midpoint of the cell at level 𝑛 containing 𝑥 .
The arrows trace the chain 𝜋0 (𝑥 ) � 𝜋1 (𝑥 ) � 𝜋2 (𝑥 ) � 𝜋3 (𝑥 ) d 𝑥 ;
by sample-path continuity, 𝑔 (𝜋𝑛 (𝑥 ) ) � 𝑔 (𝑥 ) along this chain, giving
𝑔 (𝑥 ) = 𝑔 (𝜋0 (𝑥 ) ) +

∑
𝑛≥1

(
𝑔 (𝜋𝑛 (𝑥 ) ) − 𝑔 (𝜋𝑛−1 (𝑥 ) )

)
. The geometric de-

cay of cell width is dominant, yielding a convergent bound on sup[𝑎,𝑏 ] 𝑔.

1.2 Expected supremum of zero-mean 1D GP
This subsection establishes the bound of the expected supremum of

a zero-mean Gaussian process on an interval, in terms of the interval

length and the kernel’s smoothness. The idea is to approximate the

process on a sequence of grid points (Figure 1) and bound its supre-

mum by summing the maximum jump between successively finer

grids; more points at finer levels are outweighed by geometrically

smaller jumps. The derivation follows; readers may otherwise skip

to Section 1.3.

Let 𝑔 ∼ GP(0, 𝑘) on [𝑎, 𝑏] and assume 𝑘 is 𝐶2
with uniformly

bounded mixed derivative

𝑀 := sup

𝑥,𝑦∈[𝑎,𝑏 ]

��𝑘𝑋,𝑌 (𝑥,𝑦)
�� < ∞.

where 𝑘𝑋,𝑌 (𝑥,𝑦) := 𝜕2

𝜕𝑥 𝜕𝑦
𝑘 (𝑥,𝑦).

Define the canonical metric 𝑑 (𝑠, 𝑡) :=
√︁
E[(𝑔(𝑠) − 𝑔(𝑡))2]. For

𝑠 < 𝑡 ,

𝑑 (𝑠, 𝑡)2 = E[(𝑔(𝑠) − 𝑔(𝑡))2]
= 𝑘 (𝑠, 𝑠) + 𝑘 (𝑡, 𝑡) − 2𝑘 (𝑠, 𝑡)

=

∫ 𝑡

𝑠

∫ 𝑡

𝑠

𝑘𝑋,𝑌 (𝑥,𝑦)d𝑥d𝑦

≤ 𝑀 (𝑠 − 𝑡)2

Hence 𝑑 (𝑠, 𝑡) ≤
√
𝑀 |𝑠 − 𝑡 |.

For 𝑛 ≥ 0, define a multi-resolution grid (illustrated in Figure 1)

𝜋𝑛 :=

{
𝑎 +

(
𝑖 + 1

2

) 𝑏 − 𝑎

2
𝑛

: 𝑖 = 0, . . . , 2𝑛 − 1

}
,
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and let 𝜋𝑛 (𝑥) be the midpoint of the grid cell containing 𝑥 at level

𝑛. Then |𝜋𝑛 (𝑥) − 𝜋𝑛−1 (𝑥) | = 𝑏−𝑎
2
𝑛+1 and thus

𝑑 (𝜋𝑛 (𝑥), 𝜋𝑛−1 (𝑥)) ≤
√
𝑀

𝑏 − 𝑎

2
𝑛+1 .

By sample-path continuity,𝑔(𝑥) = lim𝑛�∞ 𝑔(𝜋𝑛 (𝑥)) and therefore

𝑔(𝑥) = 𝑔(𝜋0 (𝑥)) +
∞∑︁
𝑛=1

(
𝑔(𝜋𝑛 (𝑥)) − 𝑔(𝜋𝑛−1 (𝑥))

)
,

We first show the absolute convergence of its expectation. For

fixed 𝑥 , let Δ𝑛 (𝑥) := 𝑔(𝜋𝑛 (𝑥)) − 𝑔(𝜋𝑛−1 (𝑥)). Then Δ𝑛 (𝑥) is zero-
mean Gaussian with

Var[Δ𝑛 (𝑥)] = 𝑑 (𝜋𝑛 (𝑥), 𝜋𝑛−1 (𝑥))2 ≤ 𝑀

(𝑏 − 𝑎

2
𝑛+1

)
2

.

Hence

E|Δ𝑛 (𝑥) | =
√︂

2

𝜋

√︁
Var[Δ𝑛 (𝑥)] ≤

√︂
2𝑀

𝜋

𝑏 − 𝑎

2
𝑛+1 .

Therefore

E
∞∑︁
𝑛=1

|Δ𝑛 (𝑥) | =
∞∑︁
𝑛=1

E|Δ𝑛 (𝑥) | ≤
√︂

2𝑀

𝜋
(𝑏 − 𝑎)

∞∑︁
𝑛=1

2
−(𝑛+1) < ∞,

so the series is absolutely convergent in 𝐿1 (uniformly in 𝑥 ).

Moreover, the grid approximation 𝑔(𝜋𝑛 (𝑥)) uniformly converges

to 𝑔(𝑥) in mean square, which justifies the telescoping decomposi-

tion in the chaining bound below. Using sup𝑥

∑
𝑛 𝑎𝑛 (𝑥) ≤

∑
𝑛 sup𝑥 𝑎𝑛 (𝑥)

and E𝑔(𝜋0 (𝑥)) = 0, and Fubini’s theorem to interchange expecta-

tion with the infinite sum (justified by the 𝐿1 absolute convergence

established above),

E sup

𝑥∈[𝑎,𝑏 ]
𝑔(𝑥) ≤

∞∑︁
𝑛=1

E sup

𝑥∈[𝑎,𝑏 ]

(
𝑔(𝜋𝑛 (𝑥)) − 𝑔(𝜋𝑛−1 (𝑥))

)
=

∞∑︁
𝑛=1

Emax

𝑢∈𝜋𝑛

(
𝑔(𝑢) − 𝑔(𝜋𝑛−1 (𝑢))

)
.

For each 𝑢 ∈ 𝜋𝑛 , the increment is zero-mean Gaussian with

Var[𝑔(𝑢) − 𝑔(𝜋𝑛−1 (𝑢))] = 𝑑 (𝑢, 𝜋𝑛−1 (𝑢))2 ≤ 𝑀
(
𝑏−𝑎
2
𝑛+1

)
2

. Applying

Theorem 1.2 with𝑚 = |𝜋𝑛 | = 2
𝑛
yields

E sup

𝑥∈[𝑎,𝑏 ]
𝑔(𝑥) ≤

∞∑︁
𝑛=1

(√
𝑀

𝑏 − 𝑎

2
𝑛+1

) √︁
2 log(2𝑛) =𝐶1

√
𝑀 (𝑏 − 𝑎),

where

𝐶1 :=

∞∑︁
𝑛=1

2
−(𝑛+1)√︁

2 log(2𝑛) ≈ 0.793135.

Discussion. We may obtain a tighter long-range bound via a uni-

formly bounded kernel𝑘 . Assume additionally𝜎2
:= sup𝑥,𝑦 𝑘 (𝑥,𝑦) <

∞. Let𝑚 ∈ N+ and set the coarse net 𝜋0 to contain𝑚 evenly spaced

midpoints of [𝑎, 𝑏]. Repeating the chaining argument gives a tighter

bound.

1.3 Bound for GP with linear drift
Write 𝑓 (𝑥) = 𝜇 (𝑥) + 𝑔(𝑥) with 𝑔 ∼ GP(0, 𝑘). Assume

𝜎2
:= sup

𝑥

𝑘 (𝑥, 𝑥), 𝑀 := sup

𝑥,𝑦

��𝑘𝑋,𝑌 (𝑥,𝑦)
��, Λ𝜇 := sup

𝑥≠𝑦

|𝜇 (𝑥) − 𝜇 (𝑦) |
|𝑥 − 𝑦 | .

The long-range bound of GP is mostly driven by Λ𝜇 . We illustrate

how a negative drift controls the supremum over an unbounded

domain. For simplicity and without loss of generality we assume

Λ𝜇 = 1 in the following. Other values follow by rescaling the 𝑥-axis.

Let 𝑓 (𝑥) = −𝑥 + 𝑔(𝑥) on [0,∞). We would like to bound sup 𝑓 .

We approach this problem by bounding a linear drift [0,∞) with a

step function. For any 𝛿 > 0, define 𝑡𝑖 := 𝑖𝛿 , and 𝛼 :=𝐶1

√
𝑀 .

If sup𝑥∈[𝑡𝑖 ,𝑡𝑖+1 ] 𝑓 (𝑥) > 𝑢, then for some 𝑥 ∈ [𝑡𝑖 , 𝑡𝑖+1] we have

𝑔(𝑥) > 𝑢 + 𝑥 ≥ 𝑢 + 𝑡𝑖 = 𝑢 + 𝑖𝛿 , hence

P
(
sup

𝑥≥0
𝑓 (𝑥) > 𝑢

)
≤

∞∑︁
𝑖=0

P

(
sup

𝑥∈[𝑡𝑖 ,𝑡𝑖+1 ]
𝑔(𝑥) > 𝑢 + 𝑖𝛿

)
.

By Borell–TIS on [𝑡𝑖 , 𝑡𝑖+1] and E sup𝑔 ≤ 𝛼𝛿 (result of Section 1.2),

P

(
sup

𝑥∈[𝑡𝑖 ,𝑡𝑖+1 ]
𝑔(𝑥) > 𝑢 + 𝑖𝛿

)
≤ exp

(
− (𝑢 − 𝛼𝛿 + 𝑖𝛿)2

2𝜎2

)
.

We can rewrite the sum as an integral of a step function, each

term being a rectangle of width 𝛿 and height
1

𝛿
exp

(
−(𝑢 − 𝛼𝛿 +

𝑖𝛿)2/(2𝜎2)
)
. Since the terms decrease in 𝑖 , the step function lies

below a continuous function:

P
(
sup

𝑥>0

𝑓 (𝑥) > 𝑢

)
≤ 1

𝛿

∫ ∞

𝑢−𝛼𝛿−𝛿
exp

(
− 𝑥2

2𝜎2

)
d𝑥

=
𝜎

𝛿

√︂
𝜋

2

erfc

(
𝑢 − 𝛼𝛿 − 𝛿

√
2𝜎

)
Choosing 𝛿 = 𝜅𝜎 and solving for a 1 − 𝜂 bound gives

𝑢 = 𝜎

(
𝜅 (𝛼 + 1) +

√
2 erfc

−1
(
𝜅𝜂

√︃
2

𝜋

))
, 0 < 𝜅𝜂

√︃
2

𝜋
< 2.

which can be minimized over 𝜅 numerically. Choosing 𝜅 = 1/(𝛼+
1) gives the asymptotic bound 𝑢/𝜎 =𝑂

(√︁
log(𝛼/𝜂)

)
.

Discussion. The result can be applied to obtain a conservative

bound for any mean function with corresponding Λ𝜇 over a finite

look-ahead range. Fix a reference point 𝑡𝑖 and consider 𝑥 ∈ [𝑡𝑖 , 𝑡𝑖+1].
By Lipschitzness, 𝜇 (𝑥) ≤ 𝜇 (𝑡𝑖 ) +Λ𝜇 (𝑡𝑖+1−𝑡𝑖 ) −Λ𝜇 (𝑡𝑖+1−𝑥). Viewing
the mean as a linear drift retro-propagated from 𝑡𝑖+1 yields an upper

bound for 𝑓 on [𝑡𝑖 , 𝑡𝑖+1]. Again, applying the same result for −𝑓
would yield a lower bound for 𝑓 .

1.4 Local bound with known point value
With the same assumptions in Section 1.3, defineℎ(𝑥) := 𝑔(𝑥)−𝑔(0)
on [0, 𝑥0]. Then ℎ is zero-mean Gaussian and its canonical metric

𝑑ℎ (𝑠, 𝑡) =
√︁
E[(ℎ(𝑠) − ℎ(𝑡))2]

=
√︁
E[(𝑔(𝑠) − 𝑔(𝑡))2] ≤

√
𝑀 |𝑠 − 𝑡 |.

Therefore by applying the result of Section 1.2

E sup

𝑥∈[0,𝑥0 ]
ℎ(𝑥) ≤ 𝐶1

√
𝑀 𝑥0 .
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Also Var[ℎ(𝑥)] = 𝑑 (0, 𝑥)2 ≤ 𝑀𝑥2 ≤ 𝑀𝑥2
0
, so Borell–TIS gives

P

(
sup

𝑥∈[0,𝑥0 ]
ℎ(𝑥) > E sup

𝑥∈[0,𝑥0 ]
ℎ(𝑥) + 𝑢

)
≤ exp

(
− 𝑢2

2𝑀𝑥2
0

)
.

Hence, for any 𝜂 ∈ (0, 1),

sup

𝑥∈[0,𝑥0 ]
ℎ(𝑥) ≤

(
𝐶1 +

√︁
−2 log𝜂

) √
𝑀 𝑥0 with probability ≥ 1−𝜂.

Note that this result isn’t conditioned on 𝑔(0).

1.5 Summary
We summarize the derived results cited in the main paper. Note that

when two high-probability bounds are used simultaneously, their

failure probability should be no greater than 𝜂1 + 𝜂2 where 𝜂1, 𝜂2
are the failure probabilities of each bound.

Assuming without loss of generality that 𝑓 (𝑡𝑖 ) > 0,

inf

[𝑡𝑖 ,𝑡𝑖+1 ]
𝑓 ≥ 𝜇 (𝑡𝑖 ) − Λ𝜇Δ𝑖 −𝑄𝜂𝜎,

inf

[𝑡𝑖 ,𝑡𝑖+1 ]
𝑓 ≥ 𝑓 (𝑡𝑖 ) −

(
Λ𝜇 +𝐶𝜂

√
𝑀

)
Δ𝑖 .

(1)

each with a probability no less than (1 − 𝜂). Here,
Δ𝑖 := 𝑡𝑖+1 − 𝑡𝑖 ,

𝐶1 ≈ 0.793135,

𝑄𝜂 := min

0<𝜅<
√
2𝜋/𝜂

𝜅
(
𝐶1

√
𝑀/Λ𝜇 + 1

)
+
√
2 erfc

−1
(
𝜅𝜂

√︃
2

𝜋

)
,

𝐶𝜂 :=𝐶1 +
√︁
−2 log𝜂.

(2)

2 Pruning conditioning points in online GP Sampler
The online GP sampler in the main paper accumulates condition-

ing points along the ray. Although our method already drastically

reduces the number of samples, the conditioning set 𝑋 can still

grow as the ray advances. We therefore provide an option to cap

the number of concurrently retained correlated samples, by keeping

at most 𝑛max conditioning points on a rolling basis, and evicting

old ones when necessary. Note that this approximation makes the

sampling no longer exact, and this technique isn’t used in the main

results but only for readers’ reference.

This option is reminiscent of the Renewal+ model [Seyb et al.

2024], should the reader be familiar with it, in that it preserves local

correlation near the current search interval while discarding distant

ones. However, unlike Renewal+ which only retains a single state at

fixed ray segment boundaries, our option retains 𝑛max conditioning

points that evolve continuously as the ray advances.

Specifically, after a conditioning point is added to𝑋 , if |𝑋 | > 𝑛max,

we evict the 𝑖-th conditioning point from𝑋 . For a kernel that decays

with distance, it is natural to take 𝑖 = 1. The updated covariance

matrix becomes the principal submatrix 𝑘 (𝑋 \𝑥𝑖 , 𝑋 \𝑥𝑖 ). We update

the Cholesky decomposition of 𝑘 (𝑋,𝑋 ) accordingly: let

𝐿 =


𝐿11
𝑙⊤
21

𝑎𝑖
𝐿31 𝑙32 𝐿33

 (3)

be the original Cholesky decomposition of 𝑘 (𝑋,𝑋 ), where (𝑙⊤
21
𝑎𝑖 )

and (𝑎𝑖 𝑙32)⊤ are the 𝑖-th row and 𝑖-th column of 𝐿 to be removed,

respectively. Then, the updated Cholesky decomposition is

𝐿′ =

[
𝐿11
𝐿31 𝐿′

33

]
, (4)

where 𝐿′
33
𝐿′⊤
33

= 𝐿33𝐿
⊤
33

+ 𝑙32𝑙
⊤
32
. This operation is known as the

rank-1 Cholesky update [Gill et al. 1974] and has the complexity of

𝑂 (( |𝑋 | − 𝑖)2).
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