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Fig. 1. GPIS is a probabilistic representation of 3D shapes, bridging the gap between microfacets, participating media and measurement uncertainties. Despite
its usefulness, it has been historically challenging to render. Our method accelerates computing the ensemble averaged light transport by orders of magnitude
compared to Seyb et al. [2024], by adaptively tracing the Gaussian process and drawing values using an online sampler. The figure renders a bunny-shaped
Gaussian field with our method and Seyb et al. [2024] at equal time (7.5 minutes).

Gaussian Process Implicit Surfaces (GPIS) represent geometry as a distri-
bution over implicit functions. Modeling an object’s appearance as the ex-
pected rendering of a GPIS yields a unified framework that captures diverse
light-transport effects including microfacet-like reflections and volumetric
scattering. Despite this generality, computing GPIS-ray intersections re-
quires sampling conditional multivariate Gaussian distributions along each
ray and remains prohibitively expensive. We introduce an online sampling
algorithm that draws these distributions incrementally, and an adaptive
marching scheme that takes large steps where the surface is provably absent,
minimizing the probability of missed intersections. Together, these ideas
reduce rendering MSE by up to 46X at equal time compared to existing
methods.
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1 Introduction

Implicit surfaces are an attractive representation for graphics be-
cause they decouple geometry from tessellation and support robust
queries such as inside-outside tests and smooth normals. Gaussian
Process Implicit Surfaces (GPIS) [Williams and Fitzgibbon 2006] ex-
tend this idea by modeling the implicit function as a distribution
rather than a single deterministic field, providing a systematic way
to describe stochastic surfaces and enabling principled conditioning
on sparse observations.

Recently, Seyb et al. [2024] showed that modeling object appear-
ance as the expected rendering of a GPIS yields a unified frame-
work capable of capturing diverse light-transport effects including
microfacet-like reflections and volumetric scattering. Despite this
generality, GPIS rendering remains far more expensive than con-
ventional surface or volume rendering. The bottleneck is GPIS-ray
intersection: along each ray, the renderer must determine where
a random implicit function crosses zero, which requires sampling
high-dimensional multivariate Gaussian distributions and makes
the computation prohibitively costly.

We tackle this bottleneck with two mutually reinforcing ideas: an
online sampling algorithm that draws correlated Gaussian samples
incrementally as the ray advances, and an adaptive marching scheme
that uses probabilistic bounds to take large steps where the surface is
provably absent. Together, they dramatically reduce the per-ray cost
while preserving the probabilistic correctness of GPIS rendering.
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Concretely, we make three contributions:

(1) Online sampling. We devise a method for drawing correlated
Gaussian samples when query locations are provided on the fly,
enabling sequential ray marching while preserving the correct
joint distribution across adaptively chosen points (Section 4.1).

(2) Probabilistic range bounds. We develop high-probability bounds

for GP functions over continuous intervals (Section 4.2). These
bounds, in turn, guide the computation of ray-marching step
sizes.

(3) Adaptive ray marching. We introduce a practical ray marching
algorithm for GPIS-ray intersection that uses adaptive step sizes,
substantially reducing the number of sample points needed per
ray while maintaining probabilistic correctness (Section 4.2).

In Section 5, we show that our method reduces rendering error
by up to 46X at equal time compared to Seyb et al. [2024].

2 Related Work

Stochastic surfaces for rendering. Stochastic implicit surfaces offer
a convenient way to model geometric uncertainty and fine-scale
structure. Early work in graphics explored modeling and render-
ing implicit surfaces driven by stochastic processes [Gamito 2009].
Recently, Seyb et al. [2024] derived a unified framework to model
and render a diverse set of appearances, including microfacets with
correlated microstructures and non-exponential media. This tech-
nique leverages Gaussian Process Implicit Surfaces (GPIS) [Williams
and Fitzgibbon 2006], which represent stochastic surfaces as zero
level sets of stochastic functions governed by Gaussian processes
[Williams and Rasmussen 2006]. In this paper, we introduce a tech-
nique to greatly accelerate GPIS rendering via adaptive ray marching.
Our technique imposes no additional approximation to the underly-
ing formulation and therefore preserves the generality and physical
accuracy offered by this framework.

Concurrently, Xu et al. [2025] proposed a practical GPIS formu-
lation based on sparse convolutions, substantially improving effi-
ciency while retaining control over spatial correlation and condi-
tioning. We consider this technique orthogonal to ours.

Stochastic surfaces for reconstruction and uncertainty visualization.
Stochastic geometries have also been demonstrated to be suitable
for many applications in 3D reconstruction [Dragiev et al. 2011;
Sellan and Jacobson 2022, 2023; Miller et al. 2024]. Brodlie et al.
[2012] survey techniques and design considerations for uncertainty
visualization. For uncertain scalar fields, Pfaffelmoser et al. [2011]
visualize positional and geometrical variability of isosurfaces, while
Fout and Ma [2012] propose fuzzy volume rendering as a perceptual
metaphor for uncertainty in volumetric data. These applications
further motivate efficient rendering methods. In this paper, we focus
only on the (forward) rendering problem.

Radiative transport in stochastic media. Previously, ensemble-
average light transport through stochastic media has been explored
via precomputed scattering and multi-scale representations [Moon
et al. 2007; Meng et al. 2015; Miiller et al. 2016]. In addition, gen-
eralized radiative-transfer models [Jarabo et al. 2018; Bitterli et al.
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2018] capable of capturing spatial correlation and non-exponential
attenuation have been introduced.

Ray-implicit-surface intersection. Identifying intersection points
between a ray and an implicit surface—a key operation needed
to render the surface—is often conducted by marching along the
ray with steps chosen from bounds of the corresponding implicit
function. Sphere tracing [Hart 1996] uses a signed-distance bound to
offer high efficiency. Subsequent work has improved sphere tracing
and extended sphere tracing to deformed signed-distance fields and
particle-based fluid surfaces [Keinert et al. 2014; Seyb et al. 2019;
Wu et al. 2022]. For more general implicit functions, intersections
can be obtained from bounds on the rate of change [Kalra and
Barr 1989], and tighter local Lipschitz or forward inclusion bounds
enable larger steps [Galin et al. 2020; Aydinlilar and Zanni 2023].
In contrast, interval/affine arithmetic and range analysis provide
inclusion guarantees for implicit queries [Mitchell 1990; Knoll et al.
2009; Sharp and Jacobson 2022].

In this paper, we use bound-based marching by leveraging a
Lipschitz-like bound derived from GP statistics to enable adaptive
marching step sizes.

3 Preliminaries

We introduce our notations, review the Gaussian-process back-
ground in Section 3.1, and state the problem of GPIS rendering
in Section 3.2.

Notations. For any (potentially stochastic) 3D function g(x) and

a fixed set of points X = {x1,x3,...,x, € R3}, we define
g(x1)
gxX)=1 - | (1
g(xn)

as a (column) vector comprised of the values of g evaluated at these
points. We note that, when g is stochastic, so will be g(X).

Given two sets of points X = {xy,...,x,}and Y ={y,,...,y,,},
for any h(x,y), we define h(X,Y) as an n X m (block) matrix with
its (i, j)-th element being

h(X, Y)ij = h(xs ). @

3.1 Gaussian Process

In this paper, we consider a Gaussian process (GP) [Williams and
Rasmussen 2006] as a probability distribution GP (y, k) of 3D scalar-
valued functions characterized by a differentiable mean function
i : R¥ > R and a twice-differentiable covariance (kernel) function
k:R3xR*—R.

For any stochastic function f : R} > R ~ GP (p, k), its values
f(X) evaluated at a fixed set of 3D locations X = {x1, ..., x,} follow
a multivariate Gaussian distribution:

F&X) ~ NpX), k(X.X)). ©)

Covariance functions. The covariance (kernel) function k(x,y)
must be symmetric and positive semi-definite. When k only depends
on (x —y), it is considered stationary. A commonly used stationary
kernel is the radial basis function (RBF) kernel (also known as the



squared exponential kernel):

- ynZ) @

k(x,y;1) = o% exp (—T .

Our method makes no assumption on the exact form of the kernel k.

Derivatives of GPs. For any f ~ GP (u, k), its gradient function
V£ is known to follow another vector-valued GP:

vf~ 6P (v 2K )
F axdy |’
Moreover, for any X = {xy,...,x,}, it holds that
fX) p(X) | [RXX) ST ©
~ 6
> ok 2k
VF(X) VO] |5 (0X) 55y (X X)
Conditioning (posterior GPs). Given f ~ GP(u k) and obser-
vations v; € R at locations ¢; € R3 fori = 1,...,m, let C :=

{et,..semb, V= [og,..,0p] 7, and ¢ == (f(C) = V). The con-
ditioned function fj; remains a Gaussian process:

fie ~ GP (e ki), 7)
where
pyz (x) = p(x) + k(x,C) k(C,0)™H(V = p(0)),

8
kiz (x,y) = k(x,y) = k(x,C) k(C,C)'k(C.y), ©

for all x,y € R3.

Sampling GPs. Drawing a full sample function from a GP gener-
ally requires discretization. Given a set of points X = {xy,...,x,},
one samples f(X) from the multivariate Gaussian in Equation 3 by:
(i) Drawing ¢ from the n-dimensional standard normal distribution

N (0, I,); (ii) Setting

fX) & p(X) +LE, 9
where L is the Cholesky decomposition of k(X, X).

3.2 Gaussian Process Implicit Surface

To obtain a unified appearance model capable of capturing both
surface-like (e.g., reflection) and volumetric (e.g., subsurface scat-
tering) light-transport effects, Seyb et al. [2024] have introduced a
technique that synthesizes object appearances as expected render-
ings of stochastic surfaces. In the following, we briefly revisit some
key ingredients of their technique.

Implicit surface. An implicit surface is a set of points where a
scalar-valued function f : R® >R takes the value of zero: {x e R |
f(x) = 0}. If f is stochastic and subject to a GP, the corresponding
implicit surface is called a Gaussian process implicit surface
(GPIS), which is a distribution over (infinitely many) possible sur-
faces.

GPIS-ray intersection. To render a GPIS, a key operation is to
compute ray-GPIS intersections. Precisely, given a (fixed) ray r(¢) =
xo + tw, finding its first intersection with a GPIS f amounts to
obtaining the free-flight distance t := inf{t > 0 | f(x( + t®) = 0},
which is not deterministic but a random variable described by a
free-flight distribution.
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Fig. 2. The implicit surface f becomes random when f is a Gaussian process.
In the path tracing algorithm, each path progressively realizes f along the
ray to find a (random) intersection xS, as well as a (random) surface normal
n/. Image on the left shows an example realization of f along the ray.

Sampling this free-flight distribution is equivalent to first realizing
(sampling) the underlying random field, and then computing the
intersection with the resulting implicit surface. This realization
can further be restricted to the 1D subspace which the ray spans,
meaning that we only need to realize a 1D Gaussian process. The
intersection then becomes the distribution of the first root in the
1D Gaussian process.

Noting that f(x + tw), as a 1D function of t, follows a 1D GP,
Seyb et al. [2024] have proposed to discretize the ray into a sequence
of evaluation points X (with even spacing) and realize the values
of f at these locations by sampling a multivariate Gaussian using
Equation 9. Lastly, f is interpolated linearly between the evaluation
points to locate the first zero crossing (if any) that gives 7.

The surface normal at the intersection point x + 7 is given by
s = m%, where Vf is sampled using Equation 6.

In contrast, our method takes a geometric tracing approach,
marching along the ray adaptively at large yet conservative in-
tervals. This drastically reduces the number of GP samples, and
reduces computation by about a cubic factor.

n

Ensemble averaged light transport. The light transport equation
for a given surface f is given by Kajiya [1986]:

Lf(p, wo) :Lef(p,wo) +/ p(xf, nf, wo,ws)Lf(xf,ws)dws (10)
SZ

which integrates over all incident directions w, on the unit sphere
S2. The BSDF p is evaluated at the shading location x/ with surface
normal n/. The emitted radiance is denoted by { , and the incident
radiance by LS.

For a GPIS, its ensemble averaged light transport [Seyb et al. 2024]

is defined by the light transport averaged over all realizations of f:

o), = [ Voot an

where y,x (f | {) is the Gaussian measure [Williams and Rasmussen
2006] of sampling f ~ GP (u¢. ki¢). Seyb et al. [2024] further show
that this equation can be computed by progressively sampling f
along light paths in a path-tracing algorithm instead of realizing f in
the entire 3D domain. Figure 2 illustrates this process along a single
light path. We give a brief description of the radiance estimator:

(1) A ray r(¢) is shot from the camera into the scene;

(2) The GPIS-ray intersection 7 is sampled for r(¢);
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(3) The local gradient at the intersection g := Vf(r(r)) is sampled,
giving the surface normal ng = g/||g|;

(4) Like in path tracing, a scatter direction w; is sampled with BSDF
p, and the incoming radiance is recursively estimated.

Note that each set of samples is conditioned on the sample history
in that path. Seyb et al. [2024] also proposed a Renewal+ model to
approximate the full sample history of the current path with a single
pair of value and gradient at the last bounce location. We refer the
reader to their paper for details of the rendering algorithm.

Despite its mathematical elegance, this algorithm is usually too
slow for practical use, as each GPIS-ray intersection requires the
ray to be finely discretized, making the realization of function
values—which uses Equation 9 and runs in O(n®) time—very time-
consuming.

Motivated by these practical limitations, we introduce a new
technique to drastically reduce the computational cost—which we
will present in Section 4.

4  Our Method

We introduce an efficient ray-marching method for GPIS-ray inter-
section. At a high level, the method marches along the ray with
adaptive step sizes, incrementally samples the Gaussian process,
until a zero crossing is bracketed. This requires drawing correlated
GP samples at ray locations that are selected on the fly, so we begin
by describing an online Gaussian-process sampler in Section 4.1.
We then build on this sampler to develop the adaptive ray-marching
procedure in Section 4.2.

4.1 Online Gaussian Process Sampler

We now describe our method to draw correlated samples from a
Gaussian process, where the sample locations are selected on the
fly, rather than predetermined all at once.

To sample the Gaussian process at the given stream of points
X = {x1,...,xn}, we need to draw f(x;) immediately after x;
is given, while ensuring f(X) ~ N(u(X),k(X,X)). To this end,
we sequentially determine each f(x;) conditioned on the already
sampled f(x1),..., f(x;_1) as follows.

For any V := [0y,...,0,] " € R™, it holds that

PlFOO = V] =] |PIf(x) =01 | f(Xir) = Vina]
i=1

|
=gi-1 (12)

= HN(Ui > iu‘gi—l(xi)’ k|§i—1(xi’xi))’

i=1

where X; := {x1,...,x;} and V; := [0y,...,0;]". Thus, to draw a
sample of f(X), we start by sampling its first component f(x;) from
the Gaussian distribution N (p(x1), k(x1,x1)). Then, fori =2,...,n,
we iteratively draw the i-th component f(x;) from the distribution
N(:”I{i—1 (i), kigioy (xi, x7)).

In practice, naively computing the mean py¢;_, (x;) and the vari-
ance kjz,_, (x;, x;) in Equation 12 via Equation 8 requires inverting
the (dense) matrix k(X;_1, X;_1), which takes O(i®) time for each i.
This gives a total time complexity of O(n*) for sampling f(X).
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To improve the efficiency of this process, we leverage the Cholesky
decomposition L; € R of k(X;, X;). Specifically, we rewrite Equa-
tion 8 (withC =X;, V =V, and x =y = x;41) as

pig; (xian) = p(xien) + BT L7 (Vi = p(X0),

. (13)
k|§,- (xi+1,xi+1) = k(xi+1:xi+l) - ﬂi ﬂi,

where
ﬁi = L;l k(Xi: x,—+1)‘ (14)

We note that, provided the decomposition L;, the right-hand side of
Equation 13 can be evaluated in O(i?) time since 8; can be obtained
using backward substitution (instead of general linear solve).

In the following, we discuss how L; can be efficiently obtained
for each i.

Incremental construction of Cholesky decomposition. We now de-
scribe how to efficiently compute the Cholesky decomposition L; of
k(X;, X;) fori =1,2,...,n. Instead of computing from scratch, we
exploit the relation between k(Xj, X;) and k(Xj11, Xi+1) as follows.

Since X1 = X; U {xi+1}, the matrix k(Xi+laXi+l) € R(i+1)x(i+1)
contains k(Xj, X;) € R™! in its top-left corner. Precisely,

kX, Xi) k(X xiv1)

. 15
k(xien, X)) k(e Xie1) (15)

k(Xiv1, Xi1) = [

Based on this relation, applying a rank-1 modification [Gill et al.
1974] produces

L 0
Ly = [ﬁzT \/k(xi+1,x,~+1) _ﬂrﬁt] ’ (16)

where f; follows the definition in Equation 14.

Since Equation 16 can be evaluated in O(i?) time for each i,
Ly, ...,L, (from the base case L; = +/k(x1,x;1)) can be obtained
in O(n®) time. Combined with the O(i?) per-step cost of evaluat-
ing Equation 13, the total cost of our online sampler is O(n*)—a
factor-of-n improvement over the naive O(n*) approach.

4.2 Ray-GPIS Intersection

Based on our incremental sampling method discussed in Section 4.1,
we now introduce a technique to compute ray-GPIS intersections
efficiently. As stated in Section 3.2, given a ray (xy, @), computing
the intersection amounts to sampling the first zero crossing of f (xo+
tw), which follows a 1D GP. For brevity, we imply the ray parameters
and write f(t) := f(xo + tw) and p(t) = p(x + tw).

We first present our algorithm for finding zero crossings and then
detail how the adaptive step size is determined.

Our algorithm. To find the first zero crossing of f, our algorithm
(summarized in Algorithm 1) marches along the ray using adaptive
step sizes. At the i-th marching step with ¢ = t; and sampled v; =
f(t;), our method performs the following operations.

(1) Determine the step size A; (which we will discuss later).
(2) Let tjx1 = t; + A; and sample v;4; = f(ti4+1) using our online
sampler introduced in Section 4.1.

(3) If v; - v;41 > 0, we consider the interval [#;, t;4+1] to contain no
root of f and continue to the (i + 1)-th marching step.
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Fig. 3. Four different situations of zero crossing over an interval: (a) having
no zero crossing, (b) endpoints opposite sign with exactly one zero crossing,
(c) endpoints same sign with zero crossing(s), (d) endpoints opposite sign
with more than one zero crossings. If the interval is chosen too large, (c)
and (d) could cause errors in root finding.

(4) Otherwise, if v; - v;41 < 0, we consider the interval to contain
exactly one root and use a bracketed root solver (e.g. bisection
or Dekker-Brent [Brent 1971]) to locate the root 7.

We note that, when executing the root solver in Step (4), we apply
our online sampler for each evaluation of f (and append the result
to condition future evaluations).

Adaptive step size. A key component of our algorithm presented
above is to determine the marching step size A; in Step (1). Our
goal is to take large marching steps without introducing too much
risk of missing a root (see Figure 3). Precisely, we would like to
pick A; such that the probability for f to have a root in the interval
[t;, t; + A;] is no more than some user-specified tolerance n > 0.

To quantitatively obtain the relation between the sampled v; =
f(t;), its mean p(t;), and A;, we make the following assumptions:

e The mean y and covariance k functions to be continuously differ-
entiable (with respect to spatial locations);

e i is Lipschitz-continuous with Ay, = sup,.,, KX =#@)/|x—y|;

e Both k and 9*k/axay are uniformly bounded by o? := sup,. |k(x)|
and M = supx,y|%§y(x, y)\ respectively.

In practice, these bounds are usually obtained by preprocessing
scene data, or analytically computed for procedural functions. For
example, for signed-distance functions, we have A, = 1.

Then, assuming without loss of generality that f(¢;) > 0, it holds
that
inf ]f > ,ll(ti) - AHA,‘ — Q,]O',

[ti.tiv1

inf f 2 f(t) - (A + VM) A

[ti,tiv1

17)

with a probability no less than (1 — ). Here, Q, and C, are con-
stants that control the tail probability n; we refer the reader to the
supplemental document for their exact definitions. For a fixed 7, C,
depends only on 7, while Q, also depends on VM /A, but grows
very slowly. In practice, when n = 0.001, C;, = 4.5; Q, ~ 4.1 when
\/A_/I/A,, =1and Qp~54 when \/]\_/I/A,, =1000.

Lastly, we set the step size A; according to Equation 17, clamped
to a lower bound Apin (so that we eventually do find a zero crossing):

. lp(t)| = Qyo |f ()]
Ap T A+ CVM

A; = ma Amin | - (18)

We validate our adaptive marching algorithm and demonstrate
its accuracy and efficiency in Section 5.
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ALGORITHM 1: GP root finding algorithm

Input: Stochastic function f, ray (x¢, ), maximal distance fpayx
Output: Intersection distance ¢ (or L if no intersection)

vy < OnlineSampler(f, xo) ; // Section 4.1
X —{xo}; Ve{ov}; // conditions f(X) =V
3 ty < 0;

4 fori=0,1,2,...do

5 A; « AdaStepSize(f, t;, v;) ;
6 tis1 — min(fmax, & + Az);

-

™)

// Equation 18

7 Xiy1 < X0 + lip10;
8 0j+1 < OnlineSampler(f, x;y1 | X, V) ; // Section 4.1

9 X —XU{xin1}; V= VU {0 };

10 if v;v;41 < 0 then

11 Find the root ¢ using bracketed solver (or linear
interpolation) within [#;, tj+1];

12 return ¢;

13 if #; > tpmax then

14 L break;

15 return 1;

Discussion

Exact sampling from a Gaussian process (GP) at n sample locations
typically requires a dense Cholesky decomposition, which costs
O(n®) time. As a result, both the baseline and our method have
the same asymptotic per-ray intersection complexity, O(n%), where
n denotes the number of GP samples (conditioning points) used
along the ray. The key performance difference is in the effective
n: the baseline relies on a dense uniform grid of sample locations
to maintain robustness, whereas our adaptive strategy attains the
same intersection accuracy using far fewer samples. In practice, this
reduction in n dominates runtime, making our method substantially
faster.

5 Results

We evaluate our GPIS-ray intersection method as a drop-in replace-
ment in a GPIS rendering pipeline. We first validate the adaptive
step size in a controlled setting (Section 5.1), then evaluate the
accuracy and efficiency of our GPIS-ray intersection in isolation
(Section 5.3), and finally measure end-to-end rendering improve-
ments (Section 5.4).

Experiment setup. We implemented our method in C++ and in-
tegrated it into the rendering system by Seyb et al. [2024], which
also serves as our baseline for comparison. Unless otherwise stated,
both methods use double-precision arithmetic and share the same
renderer, integrator, and scene configurations. All experiments are
conducted on a workstation with an AMD Ryzen 9 7900X CPU (with
12 cores) and 32 GB of RAM.

To ensure fair comparisons, the baseline and our method use
the same minimum step size Ay, chosen to satisfy corr(r(t), r(t +
Amin)) = 0.95 and to be small enough to capture the high-frequency
details of pi. The baseline uses the default parameters in the publicly
available implementation by Seyb et al. [2024].
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Fig. 4. Validation of the adaptive step-size. For each 1, we randomize RBF
hyper parameters and known value f(0), then predict the stepsize A with
risk of zero crossing on [0, A] less than 5. Scatter points show the measured
zero-crossing rate on the predicted safe interval [0, A] from Monte Carlo
samples. We repeat 20 trials for each 5. The blue line 7 is the target bound.
All measured probabilities of zero crossings are below 7.

Baseline method. We briefly recap the baseline algorithm (detailed
in Section 3). The ray is cropped to a finite interval [0, tyax] using
the approximate scene bound and discretized into a uniform grid
with spacing Ampin. Grid points with negligible marginal probability
of lying near the zero level set are pruned via a fixed threshold. The
remaining points are divided into segments of at most 32 points
each, with inter-segment correlation approximated by the Renewal+
model [Seyb et al. 2024]: only the value and derivative at each
segment boundary are retained to couple neighboring segments.
The algorithm then processes each segment sequentially, sampling
the GP on its grid points and checking for a zero crossing.

Ground truth. Reference distributions and images in Section 5.3
and Section 5.4 are produced as follows. For stationary kernels, we
use the weight-space view [Rahimi and Recht 2007] implemented by
Seyb et al. [2024], which provides an independent validation of our
method. For non-stationary kernels, where no weight-space method
is available, we run our method with a very small conservative step
size as reference.

5.1 Empirical validation of adaptive step size

Because our step size is derived from a formal probabilistic analy-
sis, it is guaranteed by construction under the stated assumptions,
regardless of the specific form of the mean function or covariance
function. Nonetheless, we empirically validate it on Gaussian pro-
cesses with an RBF kernel to confirm that the resulting step sizes
are indeed conservative.

To stress-test the step size, we choose a worst-case mean function
p(x) =1 - x that saturates the Lipschitz bound (A, = 1). Because y
decreases at the maximum admissible rate, it maximizes the proba-
bility of a zero crossing within each forward step.

For each threshold n € {107}, 1072,1073,107%}, we run 20 ran-
domized trials. In each trial, we randomly sample RBF kernel hy-
perparameters and the initial known value f(0). Given 1 and the
bounds o, M derived from the analytic kernel, we compute the step
size A from Section 4.2, which guarantees that the probability of
f having a zero crossing within [0, A] is at most . We then draw
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(a) 0.5%, 32m 5s (b) Ours, 15m 32s

(c) 2%, 7m 13s

Fig. 5. Step-size ablation with render time shown under each image. We
multiply the adaptive step size by a constant factor before applying the
unchanged clamp Apin. A conservative 0.5X step size produces a result
nearly indistinguishable from our default. A doubled step size, however,
introduces visible differences because overly aggressive marching can skip
zero crossings.

1,000,000 GP realizations on [0, A] and measure the fraction that
exhibits at least one zero crossing.

Results. Figure 4 plots the empirical zero-crossing probability
against 7 on log-log axes. Across all thresholds and randomized
kernel settings, the observed frequency remains below 7, confirming
that the theoretically derived bound is conservative in the RBF case.

5.2 Effect of different step sizes

In the following, we examine how sensitive the rendering is to the
marching step size. We use a GPIS with a non-stationary kernel and
a thin-shell mean geometry, which makes missed intersections visu-
ally apparent. Starting from our adaptive step size, we multiply the
step size by a constant factor before clamping with the unchanged
minimum step size Ampin.

Results. Figure 5 compares three settings: a conservative one
taking 0.5x the adaptive step size, our default adaptive setting, and
an aggressive doubled step-size setting, all with the same Ap;n. The
conservative setting produces little visible change, suggesting that
the default setting is already sufficiently conservative for this scene
and that additional samples mostly increase computation rather than
image quality. The aggressive setting, while faster, shows visible
differences in the rendered shell. This indicates that increasing
the step size beyond our probabilistic bound can miss some zero
crossings and change the resulting intersection distribution. Thus,
the default setting is already conservative and close to the largest
usable step size before noticeable errors appear.

5.3 GPIS-ray intersection

In this section, we evaluate the correctness and efficiency of the
GPIS-ray intersection method, separated from the downstream path-
tracing algorithm.

A single ray query returns a free-flight distance ¢ (or t = tyax if
no intersection occurs within the scene bounds). By repeating the
stochastic query many times on the same ray, we obtain an empiri-
cal free-flight distribution, which we compare to a high-accuracy
reference.

We quantify distributional error with the Wasserstein distance
[Villani et al. 2008] (earth mover’s distance), which measures how



Table 1. Free-flight distribution accuracy and cost. For each camera ray, we
repeatedly perform the stochastic GPIS-ray intersection query to estimate
a distribution of free-flight distances, and compare it to a high-accuracy
reference. We report results averaged over 32 randomly sampled camera
rays: Wasserstein distance Wj to the reference distribution, the average
number of GP samples per ray, and run time per ray intersection. Lower is
better for all metrics. The baseline method couldn’t achieve an error as low
simply by lowering the step size, because it discards some correlation along
the ray (see [Seyb et al. 2024, Supplemental Sec. 3.2]). The “Baseline (equal
time)” variant uses a larger fixed step size to match the run time of ours,
illustrating the speed—accuracy tradeoff.

Wi Error  #Samples  Time/Ray (us)
Ours 0.00044 6.0 37.9
0.00509 74.8 2970.7
0.05664 12.6 37.6

Baseline
Baseline (equal time)

much probability mass must be moved, and how far, to transform
one distribution into another.
To summarize the experiment procedure:

(1) Randomly select a pixel whose camera ray intersects the GPIS.

(2) For this ray, query each method (ground truth, ours, baseline)
for an intersection distance 7 (or ty,y if none).

(3) Repeat 100,000 times per method to build empirical distributions
of 7.

(4) Compute the Wasserstein distance between each method’s dis-
tribution and the ground truth.

We repeat this experiment on 32 randomly chosen camera rays
across multiple object types and covariance functions.

Results. Table 1 shows results of this experiment including the
errors of the free-flight distribution, the number of GP samples
needed per intersection, and the GPIS-ray intersection time cost,
averaged over tests. Besides the default baseline, we also report
a Baseline (equal time) variant that uses a larger fixed step size
to approximately match our run time, illustrating the accuracy—
efficiency tradeoff.

Both our method and the default baseline stay close to the ref-
erence distribution, indicating that our method does not introduce
extra bias despite using far fewer GP samples. When the baseline
step size is increased to match our run time (“Baseline (equal time)”),
its distributional error grows substantially, demonstrating that our
method achieves a better accuracy—-efficiency tradeoff. Efficiency-
wise, our method requires substantially fewer GP samples per ray
on average, translating into significantly lower per-ray intersec-
tion time. This speedup directly improves end-to-end rendering
efficiency, which we evaluate next.

5.4 Rendering comparison

We evaluate the impact of faster GPIS-ray intersection on end-to-end
path-traced renders.

For each scene, we render with both methods in the same frame-
work under an equal time budget; the only difference is the GPIS-ray
intersection routine.
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We select scenes with diverse appearance characteristics and
lighting, and include multiple types of stationary kernels and non-
stationary kernels. We refer the reader to Seyb et al. [2024] for a
catalog of supported kernel forms and how they can be authored.
For each scene, we render a high-sample-count reference image and
report MSE to this reference. We also record the achieved samples
per pixel (spp) within the time budget.

Results. Figure 1 and Figure 6 show the equal-time comparison
alongside a reference image (labeled as Ground Truth), with render
time, number of samples, and image mean square error shown at
the bottom of each render. Since Section 5.3 already evaluates bias
(systematic error caused by finite GP samples), we focus here on
rendering variance under a fixed time budget. Because our method
reduces the cost of each GPIS-ray intersection, it traces more paths
(higher spp) in the same time, resulting in consistently lower image
error (MSE) across all tested scenes.

6 Discussion and Conclusion

Limitations and future work. Our probabilistic bounds are con-
servative in high-variance regions, which can limit step sizes and
reduce speedups in complex scenes. We also focus on GPIS defined
by standard kernels and conditioning schemes; extending the ap-
proach to more expressive priors or large-scale datasets may require
new approximations. Integrating tighter, data-dependent bounds
and scalable GP inference is a promising direction for further reduc-
ing queries per ray.

Conclusion. We have introduced an efficient ray marching algo-
rithm for GPIS-ray intersection—the central bottleneck in GPIS-
based rendering. By combining online Gaussian sampling with prob-
abilistic step-size bounds, our method dramatically reduces per-ray
cost while preserving correctness, improving rendering MSE by up
to 46X at equal time.
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Ground Truth Ours Baseline

Time / Samples / MSE: 41s/ 2

0 spp / 0.082

3m 55s/1spp/0.210

Time / Samples / MSE: 3m 44s / 36 spp / 0.062 3m51s/ 1 spp/ 2.341

Fig. 6. We evaluate our GPIS-ray intersection method in a path-tracing renderer, comparing it to the baseline method across multiple scenes with various
types of covariance functions. We render each scene with both methods at equal time, using the same renderer and scene settings. Our method enables more
samples per pixel in the same time budget, resulting in significantly lower image noise.
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